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ABSTRACT:
Let A denote the class of functions f (z) = z + Zanzn analytic in the unit disc E ={z: |71 <1}.
n=2
f(z).f'(z
M, denotes the class of functions in A, which satisfy the conditions M?&O and for
Z

O0<ac< 1, Re[(l—a) Z]]: ((Z)) +o (Z:: 'EZ;) } > (0. We are interested in determining the sharp upper bound
z z

for the functional ‘a2a4 — ag‘for the class M o

MATHEMATICS SUBJECT CLASSIFICATION: 30C45.
KEYWORDS: Analytic functions, univalent functions, starlike functions, convex functions, « convex
functions, Bazilevic functions.

I.  INTRODUCTION:

Let A1 be the class of functions

f(z)=z+) a,z" (L.1)
n=2

analytic in the unitdisc E ={Z : |z1<1}.
S denotes the Class of functions

n
f(z)=2+) a,z (1.2)
n=2
analytic and univalentin E ={z : |z7/<1 }.

Let y(p) be the class of functions of the form
P(z)=1+ p,z+ p,z° + ps2° +... (1.3)

analytic in the unit disc E= {Z . |z| < 1} with Re P(Z)> 0. Carathéodory [1] introduced the class )/(p).
Noshiro [2] and Warschawiski [3] introduced the class of univalent functions

R={fe A :Ref'(z2)>0,zcE} (1.4)

known as N-W class of functions.
R and its subclasses were studied by several authors including Goel and Mehrok [11, 12].

S*={f€A1:Rer,(Z)>O,Z€E} (1.5)
f(2)

is the class of starlike univalent functions .
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zf'(2))’
K:{fEAj_ZReM>O,ZEE} (1.6)
f'(2)
is the class of convex univalent functions.
Macanu [5] introduced the class of ¢ - convex functions defined as

M 1.7

’ Re[(l—a)Zf @, , (Z'; (2) } >00<a<lzecE

f(z)

For any real & , Miller, Macanu and Reade [7] have shown that all ¢ - convex functions, are starlike in E; and

forall & >1, all a -convex functions are convex in E.
Hassoon, Al-Amiri and Reade [9] introduced the class of analytic functions

H, = feAl:Re{(l—a)f’(z)+aM]>O,0£a$1,26E (1.8)

“ f'(z)

Bazilevic [4] introduced the following class of analytic univalent functions. For /3 real, & >0, P(Z)e y(p)
and g(z)eS”

1

o p.2.0)= <A s )P0 g 0| a8

Taking #=0and g(z) =7in (1.9), we get B(a,O, P, Z) as the class of functions
1

B(a,0,P,z)=1f A :{a'[ P(z)zﬂldt} (1.10)
0
The class B(a,O, P, Z)Was studied by Singh [6] and El-Ashwah and Thomas [13].

a-1
Baz{feAl:Ref'(z)(@j >0,OS0¢S1,ZGE} (1.12)

is also a subclass of Bazilevic functions.

Il.  Preliminary Lemmas.
Lemma 2.1[15]: Let P(Z)=1+ P+ P,z + P2 +.. € 7(p), then
|pn| <2 foralln(n=1,2,3...).
Lemma 2.2[9]: If P(Z)=1+ p,z+ p222 + p323 +..€ 7/(p), then
2p, = p; +(4— pf)x and
4p, = p? +2p, (4 p2 k- p, (4 p? ) + 204 p2 Ja-[x" ke
for some x and z with |X| Sl,|z| <1.

I1l.  Main Results.
Theorem3.1: Letf € M , then
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3a(l+a) N
(1+3a)1+2a ) (2+15a +24a% +7a®) (1+2a)’
And ‘aza4 - aﬂ <lLa=0 (3.2)

‘aza4 —a§‘s O<a<l 3.2)

Results are sharp.
Proof: Since f € M, it follows that

2t'(z) , (#'(2)) _
1-a) TR =P(z) (3.3)

Equating the coefficients in (3.3), it is easily established that

Py
1+a)
a4 — P, N (1+305)p12
3 2
2(1+3a) 2(+2a)1+a)
D, (1+5a)p, p, (L+6a +17a°)p;
a, = + + 3
31+3a) 20+a)l+2a)l+3a) 6(1+2a)1+3a)l+a)

a, =

(3.4)

System (3.4) yields
‘ 2‘ 1 8Q+2a)@+a) p,(4p;)+120+ 20 )1+ 5a )1 +a) p2(2p,)
a,a, —a;|=——
“ 7 Cla) st 20 it 6o +17a )p! - 31+ 3a |1+ @ (2p, )+ 20+ 3a)p2 |

C(“): . 2 4 (3.6)
48(1+ 3 )1+ 2a )’ (1+ )

@3.5)

Using lemma 2.2 in (3.5), we get

4+ 20 (1+a) py o+ 2p, (4 p? ) py (4 p2 ) + 2[4 p2 Jo|x ]
2,8, ~aZ| = %a) +12(1+ 20 )1+ 50 1+ &)} p2(p? + (4 - p? ) (37)
+8(1+ 20 )1+ 60 +1702 )p’ —3(1+ 3 )3+ 8a + @ )p2 + (1+ &) (4— p2 k[

Replacing p,by p € [0,2], (3.7) takes the form

401+ 2a ) (1+ o) —12(1+ 2a Y1+ 5a |1+ a ) )
- 8(L+ 20 )1+ 60 +17a% )+ 31+ 3 )3+8ax + > |
81+ 20 ) (1+a) +120+ 2o )1+ 5a )i+ a)f | ,/

, ) p (4— p )x
- 6(1+30)3+8a + o’ Ji+a)
—(+a)f(a- p? 120+ o )i+ 3a)+ (L4 4+ Ta? X2

+8(1+ 20 {1+ ) pla- pz)(1—|x|2)z
Applying triangular inequality to (3.8), we obtain
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‘aza4

-4+ 201+ af ~12(+ 22)1+5a)i+a) ),
p
81+ 2a)(1+ 6 +1702 )+3(1+ 3 \3+8a +a* f

\gi 8(1+2a ) (1+ )’ +12(1+ 2 N1+ 5c 1+ )’ (- p2)N
C( 1+3a)(3+8a+a X1+a

+(L+a)(a-p?f2- p)olt+ a)i+3a)-(L+4a+Ta? )X
(1+2a F+af pla-p?)

_a§

v

:%Q)F(a),aqu. (310)
F'(c’)> 0and therefore F (&) is increasing in [0,1] and F (o) attains its maximum value at
|0'| = |X| =1.

Putting |x| =1in (3.9) , we have

-4+ 20 (1+a) 120+ 22 )i+5a)1+af ),
—81+20¢)(1+60¢+170¢2)+31+30¢)(3+80:+0¢2)2
1 81+2a 1+a * +12(1+ 2 1+ 5a 1+«
‘a2a4—a§‘s ( )( )( ) p2(4_ pz)
Cla 1+3a)(3+8a+a Ji+a)
+ 1+ a)f (4= p?J120+ a)1+30)+ L+ 4a + 7a? )p?)

v

(3+30)3+8a+a?f +6(+3a)3+8a +a? f+af ~120+ 22 A+a) |
—24(1+ 20 {1+ 5a Y1+ ) —8(1+ 20 )1+ 62 +17a% )~ (1+ & f (L + dar + %)
8(1+2a) (1+a) +12(1+ 20 )1+5a 1+ a)

@ +4) —6(1+30)3+8a+a’ 1+ a) + 401+ a)f (1+4a+T7a?)-1201+ 3 )1+ a)* |p
(24

+4(1+a)(1+3a+T7a?)
+48(1+3a )1+ a)'

%) [ A(e)p* + Ba)p? + 481+ 32)1+ )]

C
) (3.11)
:@G(p)
where  Aa)=4a(l+a)7a® + 24a® +15a+2), (3.12)
and B(a)=48ca(l+a)’. (3.13)
G'(p)=-4A(a)p® +2B(a)p =0 (3.14)

Bla
which implies that p=0 or pz ( )
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p=0 does not give maximum value and is rejected.
. _ Bla) _ 6(l+a)
2A(@) (2+15a+24a +7a°)

p , (@=0). (3.15)

gives the maximum value of G(p).

Putting the value of p2 from (3.15) in (3.11) , we get
1 |B?
2,3, —a3| < @{Wg% 48(1+3c )1+ a)ﬂ L a#0 (3.16)

Substituting the values from (3.6), (3.12) and (3.13) in (3.16) , the bound (3.1) follows.
Consider the case =0 . In this case, A(er)=0,B(a)=0 and C(a)=48 .

Putting these values in (3.11) , we get ‘a2a4 —a;‘ <1 .

6(l+a)
Result (3.1) is sharp for p, = ( , p, =—1and p,obtained from (3.5).

2+150 + 240’ +74°)
Result (3.2) is sharp for p, =0,p, ==l and p, =-2.

1
Remark 3.1: Taking & =1 in (3.1) , we get ‘a2a4 - aﬂ < § , a result due to Janteng etal.[15].

Remark 3.2: Result (3.2) is also due to Janteng etal.[15].
Theorem 3.2: Let f e H_ | then

4 1 5
—aZ[<— O0<a<— ; :
la,a, —aj| ey VS 1 (3.17)
2
and [a,a, —a2 (172 -5) 4 S <t (3.18)

‘ = 2 3 s 2
1441+ 2af1+20a +Ta? —4a°) 9(l+a) 17
Results are sharp.

Proof: Since f € H_,, therefore by definition (1—a)f'(z)+ e (zf'(2)) =P(z).

Identification of terms in the above equation yields

_b
az = >
(p,+ap?)
= dira) 619

Q__ P Bapp, . aRa-)p
, =

41+2a) 4l+a)l+2a) 41l+a)l+2a)
From (3.19), we obtain

91+ ) p, (4 54c(1 2(2
‘a2a4_a32‘: 1 (+a) pl( p3)+ a( +a)p1( pz) | (3.20)

C(a)\|+360(2a —1)1+a)p! —8(L+2a\2p, +20p? |
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1
288(1+ 2a 1+ a)*

By lemma 2.2, we get

oL+a) pl[pf +2p,(4-p2 k- p,(4- p2 x? +2(4- pf)(1—|x|2)z

2,8, a2 = <540+ a)p? ol + (4~ pl -8+ 260+ 20 + (4~ p K] (3:22)

+ 36a(2a l+a)p;y

Where C(a)= (3.21)

|X| <1 and |Z| <1. Changing p, to p €[0,2], (3.22) takes the form
(1-120+ 302 +8a° Jp* + 2(1+130 + 42 )p? (4 - p2 )x
—(4-p? 3201+ 201) + 1+ 20 + 902 )p?]

+18(1+ o) pla— p?Ji- | )

‘aza4 —al|=—r~

el
(1-120+30% +8a° )p* +2(1+13a + 4 )p*(4— p o

+(a-p?)2- )6+ 2a)-(1+ 20+ 90 )t |=—r~F(0).o =[x <1. (329
+18(1+a ) p(4 - p?)

F'(c)> 0 and therefore F (o) is increasing in [0,1] and maximum F (o) = F(1) .

Cla)

Putting the value o =1in (3.23), we arrive at
o 1 [0-120+30 +8a° )p* +21+13a + 4a? )p* (4 - p?)
2,8, —af| <~
Cla)| +(4- p?)JB32(1+20)+ (L+ 2+ 922 )p?)

_ 1 ((1—12a+3a2+8a3)—2(1+13a+4a2)—(1+2a+9a2))p4
~ Cla)| +[BlL+130 + a?)-3201+ 2a)+ 41+ 20 + 90 |p° +128(1+ 2cx)

1 [— Alr)p* +B(ax)p? +128(1+ 202
C(a
) (3.24)
-~ G
@) (p)
Where  A(ar)=2(1+ 20 +7a? -9a*)>0in [0, 1] (3.25)
And B(ar)=4(1+a)17a-5). (3.26)

Casel: 0<a<-— sothat B(a)<0.

Hlo

G'(p)<0 and G(p) attains its maximum value at p=0.

4 1
From (3.21) and (3.24) it follows that ‘a2a4 - ag‘ < §W
+a

Result is sharp for p, =0, p, =—land p, =-2

WWW.ijera.com 24Page



Gurmeet Singh Int. Journal of Engineering Research and Applications WWWw.ijera.com
ISSN : 2248-9622, Vol. 4, Issue 10( Part - 3), October 2014, pp.19-28

Case II: %Sasl sothat B(a)>0.

G'(p)=—4A(cr)p® +2B(ar)p = 0 which implies that

D=0 or p? = Bla) _  (+a)i7a-5) a2
2A(@) (1+20a +7a® -4a°)

p =0 does not give the maximum value and is rejected.

Substituting the value of p2 from (3.27) in (3.24), we conclude that
2

2,8, —a3| < %@[%HZS(H 20:)} (3.28)

Putting the values from (3.21), (3.25) and (3.26) in (3.28), result (3.18) follows.

Equality sign in (3.18) holds for p, = \/( (1+ a)(l?a _5) , =—land p,obtained from (3.20).

11200+ 70 —4a°) "

Remark 3.3: Letting a =0in (3.17) , we get
‘a2a4 - a§‘ < g , aresult proved by Janteng etal.[7] for the class R.
Remark 3.4: Letting  =1in (3.18), it follows that

‘aza4 - agz‘ S% , result proved by Janteng etal.[8] for the class K

4
(@+2f

Theorem 3.3: Let f € B_, then ‘a2a4 —aﬂ < (3.29)

The result is sharp.
Proof: Since f € B, therefore it follows that

f '(z)(%z)ja_l =P(z),(0<a <1). (3.30)

Equating the coefficients in (3.30) , we get

__ b
%= (a+1)
P, (a _1)p12

a; = - 3.31

P (a+2) 2a+1)f 431
4. = Ps (a_l)pl P, + (0‘_1)(205_1)p13

Y (@+3) (a+l)a+2) 6(c +1)°
(3.31) gives
g2, —a2 = 3 +2) (e +1)° p.(4py) - 6(ar ~ 1N + 2)x +1) s (2p,) (332)

o)) 2(a —1) 2 ~1) @ + 3o + 2 pt —3(a + 320+ a)p, (e~ +2)p2f
Where C(a)= L : (3.33)

12(a +3)a +2) (a +1)
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Using lemma 2.2 in (3.32), we obtain
(e +2)° (e +1)° pl[pf +2p1 4 p? )x p1(4 pf)x2 + 2(4— p? X1—|x|2)]z

a0, -a2|= ﬁ —6(c—1)a+ 2o+ 3 +1) p2[p2 +(4- p? ] (3:34)
+2a-1\2a-1)a+3\a +2) pf -3 + 3@ +3)p? + 0+ a)(4- p2 k[

Changing p, top € [0,2], (3.34) takes the form
_3(05 +2f (@ +1)° —6(a -1 a+2)a +3)fa+1) | ,
+2(@-1)2a -1 a +3)a+2)f -3(a+3) }
1 N 6(a +2) (a +1)° —6(a —1)a + 2)a + 3|« +1)2} p2(4— pz)X (335
C@)| |- 6(w+1f(a+3F
~3(a+1 (4 p? JAer + 2o +3)+ p2 [¢?
+6(a+2f (@ +1) pla- p? Y-

Coefficient of p4 in (3.35) changes from negative to positive in [0, 1] and therefore

there must exist ¢« in (0, 1) so that coefficient of p4 is negative for0< a <, and positive for
a,<a<l

Case . 0<a <«,, from (3.35) it follows that

_[3((1 +3F +6(c—1)ar + 2 +3) +1)° —3( + 2)(x +1)3J "

—2(a-1)2a -1)a +3)a +2)

~~—

1 (a+2)2(a+1)3—(a—l)(a+2)(a+3)(a+l)2J 2(

‘a2a4—a32 <——|+6 (@1 s p 4—p2)x

Cler
+3(a+1f(4- p?)2- p)2(e +1)a+3)- p)*
| +6(a+2) (a +1)° pl4 - p?)

Flo)o=[x<1. (3.36)

1
- Cle)
F'(5)>0 and therefore F (o) is increasing in [0,1] and
F (o) will attain its maximum value at O':|X| =1
Putting o = |X| =1in (3.36), we get
(3 +3) +6(a+ 3 (@ +1) +12(c - a +2)a + 3N +1f ), ]|
9 +2f(a+1) —2(a-1)2a —1fa +3)a +2)* —3(a +1)’
2 3 2
‘a2a4 —aﬂ < 1 112 2(e+2) (20: +1) 2 2(a 1)(:x+2)(a+3)(a +1) p2(4— pz)
Cla ~ 2o +1(ar +3) — (@ +1f (e + D +3)+1]
+48a(a +3)a +1)°

~—
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=L[— A (a)p* —B(a)p® +48(1+3a )1+ a)4]
Cla)
) (3.37)
=——G
) (p)
Where A(a)=ala +1)(a3 + Ga: +2la+ 20) >0 | 03%)
B(a)=12a(a+4)a +1) >0
G'(p)<0, G(p) is decreasing in [0, 2] and maximum G(p)=G(0)= 48(1+3a e +1)".
From (3.37) and (3.33), it follows that
4
‘a2a4 —ag‘gm.
Case Il: o, < a <1, proceeding as in case I, from (3.35) , we get
. (G(a +2) (a +1) + 2(a —1)2a 1) + 3) e + 2)2) o
\a2a4—a§\s@ ~3l(a+ 2 (+1f ~ (@ +3) ~ (e +1))
—B(ar)p? +48(1+ 3 )1+ )

Where B(a) is given by (3.38))

:%)[— A, (a)p* —B(a)p® +48(1+3a )1+ a)4] . (3.39)

a
where Az(a)=[18+34a+130(2—4a3—7a4—a5]>0.
4

As discussed in case I, ‘a2a4 —ag‘ S
(a+2)

Combining both the cases, proof of the theorem is complete.
Result (3.29) is sharp for p, =0, p, =—land p; =-2.

Remark 3.5: Putting o = 0in (3.29) , we have
‘aza4 — aﬂ <1, aresult established by Janteng etal.[15] for the class S~

Remark 3.6: If we put «a =1in (3.29), we get

4
‘aza4 - ag‘ < —, aresult established by Janteng etal.[14] for the class R.
9
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